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A researcher performs an experiment to study the rate of change of the volume of liquid X in a vessel.
The experiment lasts for 24 hours. At the start of the experiment, the vessel contains 580 cm® of

liquid X . The researcher finds that during the experiment, (ii_lt/ =-2t, where ¥ cm® is the volume

of liquid X in the vessel and ¢ is the number of hours elapsed since the start of the experiment.

(a)  The researcher claims that the vessel contains some liquid X at the end of the experiment. Is the
claim correct? Explain your answer.

(b) Itis given that V = h*+24h , where hcm s the depth of liquid X in the vessel. Find the

value of % when =18 .

(6 marks)
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4, Define g(x) = Inx

7=

(a)  Prove that G has only one maximum point.

(b) Let R be the region bounded by G,
maximum point of G . Find the volume
about the x-axis.

forall xe(0,99) . Denote the graph of y=g(x) by G.

the x-axis and the vertical line passing through the
of the solid of revolution generated by revolving R
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6. Consider the system of linear equations in real variables x, y, z

x - 2y - 2z = f
(E): {5x + ay + az = 58, where a,fR.
7x + (@-3)y + QRa+Dz = 8p

(a)  Assume that (E) has a unique solution.
6)] Find the range of values of «.
© (i) Express y intermsof « and .

(b) Assumethat o =—4 . If () is inconsistent, find the range of values of §.
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7. (a)  Using integration by parts, find Ie" sinzx dx .

3

(b)  Using integration by substitution, evaluate I e*Fsinzxdx .
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0
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8. Let h(x) be a continuous function defined on R*, where R™ is the set of positive real numbers.

2_
Itis given that h'(x) = =——1"F8 forall x>0 .
e

(a) Is h(x) an increasing function? Explain your answer.
(b)  Denote the curve y=h(x) by H. Itis giventhat H passes through the point (1,3) . Find

€)] the equation of H,

(i)  the point(s) of inflexion of H .
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SECTION B (50 marks)

9. Consider the curve I': y= %\/12—x2 , where O<x< 2\/5 . Denote the tangent to [” at x=3

by L.

(a)  Find the equation of L.

(3 marks)

(b) Let C bethecurve y=+v4- x* , where 0<x<2. Itisgiventhat L isa tangent to C. Find

(i) the point(s) of contact of L and C;
(ii)  the point(s) of intersection of C and I ;

(iii)  the area of the region bounded by L, C and I .
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10. (@ Let 0<x<— . Prove that
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(b)  Evaluate J- L

o 2+cos2x

2+c0s2x  2+secix

(1 mark)

(3 marks)

(©) Let f(x) be acontinuous function defined on R such that f(—x)=-f(x) forall xeR .

Prove that I f(x)In(l+e*)dx=| xf(x)dx forany aeR . (4 marks)
-a 0
(d)  Evaluate sin 2x —————=In(l+e")dx . (5 marks)
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2 7
11. Let M =[ | 6J . Denote the 2x2 identity matrix by /.

(a)  Find a pair of real numbers a and b suchthat M 2=gM+bl . " (3 marks)

(b)  Provethat 6M"=(1-(-5)")M +(5+(=5)")] for all positive integers #. (4 marks)

() Does there exist a pair of 2x2 real matrices 4 and B such that (M "= A4 C ; —B forall

positive integers n ? Explain your answer. 9 (5 marks)
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12.

Let 5;i=i—4j+2k , @=—5i—-4j+8k and 5—é=—5i—12j+tk , where O is the origin and ¢ is

a constant. It is given that IEI='E@’ .

(a) Find ¢. . (3 marks)
(b) Find ABxAC . (2 marks)
(¢)  Find the volume of the pyramid 04BC. '(2 marks)

(d) Denote the plane which contains 4, B and C by II . Itis giventhat P, Q and R are points
lying on [T such that ﬁzpi , 5é=qj and OR=rk . Let D be the projection of O
on IT

() Prove that pgr#0 .
(i) Find OD .

(i) Let E be a point such that OE = li+—l— j +lk . Describe the geometric relationship

p q T
between D, E and O. Explain your answer.

(&) at = ~bi~g:+(t-2k

(6 marks)

Bo: 0T (1al)k

) e
ACEPr £y ¢ (t-2)" = ] (- (18)}

2 t(t-2)" - &7

4= (t-10y(-4)

~b = 217-10
,—)/‘t:*q
=
Lh S ook
Fe ™ gl = L o b 14&1'34J+4&LP
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Comments

The candidate demonstrates sound knowledge and understanding of the concepts underpinning
algebra and calculus in the curriculum by applying them successfully to familiar situations in
Questions 2, 3, 4 and 5.

He/She is able to communicate and express views and arguments accurately, such as in
Questions 3,4, 5,9, 11 and 12.

He/She is also able to provide a mathematical proof in a logical manner in
Questions 3(a), 4(a) and 5(a).

It can be concluded that the candidate has the ability to integrate knowledge and skills from

different areas of the curriculum in handling a range of tasks.






